IDEALWISE ALGEBRAIC INDEPENDENCE FOR ELEMENTS OF THE COMPLETION OF A LOCAL DOMAIN
WILLIAM HEINZER, CHRISTEL ROTITIAUS AND SYLVIA WIEGAND 1. Introduction Over the past forty years many examples in commutative algebra have been constructed using the following principle: Let k be a field, let S k[xl Xn]x,xn) be a localized polynomial ring over k, and let a be an ideal in the completion S of S such that the associated prims of a are in the generic formal fiber of S; that is, p N S (0) for each p Ass(S/a):. Then S embeds in S/a, the fraction field Q(S) of S embeds in the fraction ring of S/a, and for certain choices of a, the intersection D Q(S) f3 [BR2] , and examples of Nishimura and Weston [Ni] , [W] . In fact all examples we know of local Noetherian reduced rings which contain and are of finite transcendence degree over a coefficient field may be realized using this principle.
The key to these examples is usually the behavior of the formal fibers of the domain D. A major problem in this setting is to identify and classify ideals in the formal fiber of S according to the properties of the intersection domain D Q(S) tq (S/a). The goal of this paper is to study the significance of the choice of the ideal a in this construction.
In many of the examples mentioned above, the expression D Q(S) N (S/a) may be interpreted so that D is an intersection of the completion of a local Noetherian domain R with a subfield. In this paper we consider this latter form. More precisely we use the following setting throughout this paper.
1We conjecture that all local Noetherian reduced rings D which contain a coefficient field k and which are of finite transcendence degree over k relate to an ideal a in the generic formal fiber of the localization of a polynomial ring S k[xi Xn]x x,,), in such a way that D is a direct limit of 6tale extensions of such an intersection ring Q(S) N (s/a) as above. (R, In considering this question, we have come to realize that it is quite broad, and that the explicit determination of L (q R is computationally challenging even for relatively 2Without the assumption thatA is Noetherian there are examples where '= 'and A is non-Noetherian with the same fraction field as R, see for example B, [Chap. III, Ex. 14] .
simple examples of R and L. We have also discovered that for many excellent normal local domains R of dimension at least two, there exist intermediate fields L between K and K such that A L fq R fails to be a subspace of R. It can happen that A L N R is an excellent normal local domain of dimension greater than that of R, or even that A fails to be Noetherian. In order to exhibit such examples we concentrate in this paper on elements a an ff which are algebraically independent over K and satisfy certain additional in..dependence conditions. We plan to continue the study of domains of the form L N R in [HRW] .
Here are some specific results related to the general question of the structure of L (3 '. (1.1) Fo...r a an arbitrary elements of R and L K (a an), the subdomain A L R is a normal quasilocal birational extension of R[al an] . If the ai are algebraic over R, then the structure of A is well understood; A is an 6tale extension of R with completion A R (see [R4] ). But if the ai are not algebraic over R, the situation is more complicated and the structure of A depends on the residual behavior of the ai modulo various prime ideals of '.
(1.2) For a specific example of an excellent normal local domain to illustrate these ideas, we refer to R k[x, Y](x,y), the localization of the polynomial ring over a field k at the maximal ideal generated by the indeterminates x and y. For this example R k [[x, y] [A] , [AM] , [AHW] . However In particular, for T satisfying (i) and (ii) he shows the existence of a local UFD all of whose proper localizations are regular that has completion T. His construction is adopted by his student Loepp to obtain more examples of strange phenomena which can occur in passing from a local (Noetherian) ring to its completio...n. A central step in Heitmann's construction involves passing from a subring D of T to a bigger ring D' by adjoining a kind of independent element, similar to the residually algebraically independent elements defined below and studied in 4 of this article. These residually algebraically in.dependent elements play an important role in his construction. Certain relations from T become satisfied in D' (defined as a limit), but by using the residually algebraically independent elements, he is able to control the correspondence between the height-one prime ideals of D and those of D'.
We now summarize the results of the present paper.
Summary of this paper. In this paper we consider three concepts of independence over R for elements rl rn of which are algebraically independent over K (as in the setting above). We relate these three concepts of independence to flatness conditions of extensions of Krull domains, establish implications among them, and draw some conclusions concerning their existence and equivalence in special situations. "t" n to be idealwise independent over R is that the extension R[I Z'n] "--R satisfies PDE ("pas d'6clatement", or in English "no blowing up"). At the end of 2 we display in a schematic diagram the relationships between these concepts and some others, for extensions of Krull domains.
In 3 and 4 we present two methods for obtaining idealwise independent elements over a countablering R. The method in 3 is to find elements rl rn , the maximal ideal of R, so that (1) r r are algebraically independent over the fraction field of R, and (2) for every prime ideal P of S R[rl rn]m,r ) with dim(S/P) n, the ideal PR is -primary. If (1) and (2) hold, we say that r Zn are primarily independent over R; we show in (3.4) that primarily independent elements are idealwise independent. If R is countable and dim(R) > 2, we show in (4.5) the existence over R of idealwise independent elements that fail to be primarily independent.
For every countable excellent normal local domain R of dimension at least two, wejrove in Theorem 3.9 the existence of an infinite sequence r, 2 of elements of R which are primarily independent over R. It follows that A K (r, r2 R is an infinite-dimensional non-Noetherian quasilocal domain. Thus, for the example R k[x, Y](x,y) with k a countable field, and for every positive integer n or n o3, there exists an extension An Ln f3 R of R such that dim(An) dim(R) + n. In particular, the canonical surjection A R has a nonzero kernel.
In 4 we define r mR to be residually algebraically independent over R if r is algebraicall.y independent over the fraction field of .R and for each height-one prime ideal P of R such that P R 0, the image of r in R/P is algebraically independent over R/(P fq R We show in 7 that both residual algebraic independence and primary independence hold for elements over the original ring R exactly when they hold over the Henselization R h of R (7.2). Also idealwise independence descends from the Henselization to the ring R. If R is Henselian of dimension two, then all three concepts of independence are equivalent for one element r (Corollary 7.6). (R, m) . In the diagram we use "ind." and "resid." to abbreviate "independent" and "residually algebraic".
In 8 we include a diagram which displays many more relationships among the independence concepts and other related properties.
Idealwise independence, weakly fiat and PDE extensions
First we describe the setting of the idealwise independent concept and we establish notation to be used throughout the paper. Let (R, m) and I-1 I-n 6 be as in thesetting of (2.1). We say that I-I-n are idealwise independent over R provided R f3 K (i-I-n) R#. S.imilarly, an infinite sequence {i-i }A. of algebraically independent elements of mR is idealwise independent over R if R f3 K ({ I-i }i=1) R. 2.3. Remarks. (1) A subset of an idealwise independent set I-1 r# over R is also idealwise independent over R. For example, to see that I-1 I-m are idealwise independent over R for m < n, let K denote the quotient field of R and observe that A (cf. [N, (33.5) rn mR be as in.the setting of(2.1). Proof. This is immediate from (2.7) and (2.11). 
Primary independence
In this section we introduce primary independence, a concept we show to be stronger than idealwise independence (in (3.4) and (4.5)). We construct infinitely many primarily independent elements over any countable excellent normal local domain of dimension at least two (in (3.9)).
3.1. Definition: Let (R, m) be an excellent normal local domain. We say that r rn mR, which are algebraically independent over the fraction field of R, are primarily independent over R, provided that, for every p.dme ieal P of S R[r Z'n](m,r rn) such that dim(S/P) < n, the ideal PR is mR-primary. A countably infinite sequence {ri }i of elements of mR is primarily independent over R if, for each n r rn are primarily independent over R. 3.2. Remarks. (1) Referring to the diagram, notation and setting of (2.1), primary independence of rt rn as defined in (3.1) is equivalent to the statement that for every prime ideal P of S with dim(S/P) < n, the ideal -(P') Pn+ ker()) is primary for the maximal ideal of Sn.
(2) A subset of a primarily independent set is again primarily independent. For example, if r rn are primarily independent over R, to see that r rn-are primarily independent, let P be a prime ideal of Rn_ with dim(Rn/P) < n 1. Then P R, is a prime ideal of R with dim(Rn/P R) < n, and so P R is primary for the maximal ideal of R. 3.3. LEMMA. Let (R, m) be an excellent normal local domain of dimension at least 2, let n be a positive integer, and let S Rn R[r rn](m, rl ), where r rn are primarily independfl.ent over AR" Let P be a prime ideals, of S such that dim(S/P) > n + 1. Then (1) PR is notmR-primary, and (2) PR q S P.
Proof. For the first statement, suppose that dim(S/P) > n + 1 and that PR is primary for m'. Then, referring to the diagram in (2.1), .-(PR) P,,+ker(.) is primary for the maximal ideal of S, and hence the maximal ideal of S/P $ is the radical of an n-generated ideal, a contradiction because $,,/PS,, (S/P) is the completion of S/P, and dim(S/P) > n + implies that dim(S/P) >_ n + 1.
For the second assertion, note that if dim(S / P) n +. 1, and.P < P R Cl S), then.
dirn(S/(PR C'I S) <_ n, which implies that PR (PR Cl S)R is primary for R, a contradiction to the first assertion of the lemma. Thus we have P R C S P for each P such that dim(S/P) n + 1.
If dire(SIP) > n + 1, then P is an intersection of prime ideals P' of S such that dim(SIP') n + 1, say P Cp,zP'. Using the result for P', we have P c_ P'M S (Mp,zP')'f3 S c_ Mp,z(P"tq S) Mp (3.5) assume that rl rn are primarily independent over R.
(1) Let I be an ideal of Sn such that dim(S/I) n. Then the ideal (I, tl r tn rn)Sn is primary to the maximal ideal ofSn.
(2) LetA P Spec(Sn) be a primejdeal withdim(Sn/P) > n. Then. the ideal W (P, tl "t'l tn rn)Sn has ht(W) ht(P) + n and W n Sn P.
Poof Part (1) is an immediate corollary of (3.5.3) and it follows from (3.5.1) that ht(W) ht(P) + n. Let ,kn be the restriction to Sn of the canonical homomorphism ." Sn ---> R from (2.1) so that )" S _7_+ Rn. Then dim(Rn/)n(P)) > n, and so by (3.3.2) , .n(P)R n Rn )n(P). Now Z(Zn(P)n Rn) Z(Xn(P)) P.
To prove the existence of primarily independent elements, we use the following prime avoidence lemma over a complete local ring (cf. [Bu, Lemma 3] , [WW, Lemma 10] (1) There exists r mR which is primarily independent over R. Proof. The proof for part (2) also establishes part (1) and part (3) . To prove (2), let t tn be indeterminates over R, and let the notation be as in the setting of (2.1). 3,, 6 R denote the image of t, under the R-algebra surjtion )" S ---> R with kernel (', tn a). The kernel of Z is also generated by (I, tn 3)S. Therefore the setting will be as in the diagram of (2.1) after we establish Claim 1. Proofof Claim 2. Let Q P tq S,,_1. Either QS. P, or QS. < P. If Q S,, P, then dm(S._ / Q) n 1 and the primary indendence of rl .2., r._ implies that (, I) S._ i.primary for the maximal ideal of S._ 1. Therefore Q, I, tn Z.) S. (P, I, t. rn)S. is -pri.rnary in this case. On the other handz_, if Q S. < P, then dim(S._l/Q) n. Let Q' be..a .minimal.. prime of (Q, l)Sn-1. By (3.5 We introduce in this section a third concept, that of residual algebraic independence. Residual algebraic independence is a stronger notion than idealwise independence, but is weaker than primary independence. In (4.5) we show that over every countable normal excellent local domain (R, m) of dimension at least three there exists an element residually algebraically independent over R, but not primarily independent over R. In (4.7) and (4.9) we show the existence of idealwise independent elements that fail to be residually algebraically independent. Proof. The equivalence of (1) and (2) and of (1) and (4) follows from (4.2). By (2.16) and part (c) of (2.9), (3) and (4) (1) If :i }i%1 is primarily independent over R, then ri }i% is residually algebraically independent over R.
(2) If {ri }im__l is residually algebraically independent over R, then {'i }im=l is idealwise independent over R. tn r) .-1 (') and thus 1 d-n _< ht(P)+ n ht(ff) < ht(x-l(P)) _< ht()+ n q-n.
Therefore ht(P) 1. The proof of (2) 
t r)S (t a)S1 c Q0, X(Q0) is of height
two. Therefore r is not primarily independent.
We prove thatA r is residually algebraically independe...nt over R" If P is a height-one p_..dme ideal of R with P R 0, then the height of P R is and so the height of P fq S is at most 2. Also .-l() i has height two--since, it's generated by the inverse images of the genetors of P and ker(.) (t a)S1.
Suppose that the height of P f3 S 2. Then under the R-isomorphism of SA to S taking to, P f S corresponds to a heiSt-two prime P of S. We have P c_ fq S and since Sl is flat over SI, the height of Q S is at most two, so we have P Q fq S. This contradicts the choice of a and establishes that (2') holds.
Following a suggestion of the referee, we present in (4.7) a method to obtain an idealwise independent element that fails to be residually algebraically independent. 4.7. PROPOSITION. Let (R, rn) be a countable excellent local UFD of dimension at least two. Assume there exists a height-o..ne prime P of R such that P is contained in at least two distinct height-one prirnes P and Q of R. Also assume that P is not the radical of a principal ideal in R. Then there exists r mR that is idealwise independent but not residually algebraically independent over R.
Proof Let be an indeterminate over R andsetS1 R[t](m,t) sothatS1 R[[t]].
Let denote the maximal ideal ofSl.. Using Lemma 3.7 with I (P, t)Sl and/a .p Spec(S) P 5 I, ht(p) < 2, and p minimal over p N S}, ther..e exists a (P, t)S1 N 2, such that a {Plp, e }, bu a (P, t)Sl. That is, if a p, for some prime ideal p% (P t)S1 of $1 with ht(p) < 2, then ht(p) > ht(p S). Let ) be the surjection $1 --R with kernel (t a)S1. By construction, (t a)S1 tq S (0). Therefore the restriction of to S maps S1 isomorphically onto S R[z](m,r), where .(t) r mR is algebraically independent over the fraction field of R.
That r is not residually algebraically independent over R follows because the prime ideal Z ((P, t) SI (, r)S has height two.and is the contractionA to S of the prie ideal ((P, t)S) P of R. Since (t r)S (t a)S c_ (P, t)S1, )((P, t)S1) has height one and equals . Therefore r is not residually algebraically independent over R. [HL, pages 300301 that in the completion R of R there exist distinct height-one primes P and Q lying over P. Moreover, the blowup of P has a unique exceptional prime divisor and this exceptional prime divisor is not on theblowup of an -primary ideal. Therefore P is not the radical of a principal ideal of R.
In (4.9) we present an alternative method to obtain idealwise independent elements that are not residually algebraically independent. (1) b is weaklyflat if and only iffor every height-one prime ideal P Spec (A) such that PB B there is a height-one prime ideal Q Spec(B) with P c_ Q f A such that the induced morphism on the localizations (Q" AQA BQ is faithfully flat. (2) satisfies PDE if and only iffor every Q Spec (B) with ht(Q) 1 the induced morphism on the localizations )Q" AQA BQ isfaithfully flat.
Proof In both (1) and (2) we use the fact that for each height-one prime P e Spec(A) the induced morphism t,: A, (A p)-i B is flat (a domain extension ofaDVR is always fiat); and t, is faithfully fiat :
which is equivalent to the existence of a prime in B lying over P in A.
For the proof of (1), to see (:=:), we use the fact that Q a faithfully flat morphism implies Q satisfies the going-down property (see (5.5.1)). Hence Q f3 A is of height one, so P Q tq A, and thus P B f3 A P. For (==), suppose P e Spec(A) has height one and i is weakly flat. Then (2.10) implies the existence of Q Spec (B) of height one such that Q tq A P. Since BQ is a localization of (A p)-l B, we see that Q is faithfully fiat.
For the proof of (2) (1) "t" n are idealwise independent over Rifand only ifor every height-one prime ideal P ofRn there is a prime ideal Q c_ R with Q tq Rn P such that the induced morphism of the localizations Q: (Rn)p R isfaithfully flat. (1) Let : A B be 5.6. THEOREM. Let (R, m) and r rn ff be as in the setting of (2.1).
Suppose that dim(R) d. Then:
(1) The elements r rn are residually algebraically independent over R == Proof of (a). We observe that the ring (Rn/P Rn)a is a localization of the polynomial ring k(P)[Vl 'n] w...here.k(P) Rp/PRp. Hence the ring (Rn/PRn)p is regular and so is the ring (R/PR), since R is excellent. In particular, the ring (R/PR)-' is Cohen-Macaulay, and [M1, Theorem 23.1] applies. Therefore we only need to show the following dimension formula:
Since QR is contained in Q and ht(Q) _< d -1, pdm.ary independence implies that dim(Rn/Q) > n. (If dim(Rn/Q) <_ n, then QR is mR-pdmar.) By Corol)ry 3.6.2, e...very minimal prime divisor W 6 Spec(R) of Q R hast(W) ht(Q). Let W 6 Spec(R) be a minimal prime divisor of QR contained in Q. Then (1) and (3) n, and dim (B) d such that tp satisfies LFd_, but fails to be faithfully flat over A. Let k be a field and let x Xd, y be indeterminates over k. Let A Proof. For (1), assume that p satisfies L Fk; let Q' e Spec(B') with ht(Q') < k. Put Q (v)-I(Q'), P' (p,)-l(Q,), and P =/z-l(P') tp-l(Q) and consider the commutative diagrams A ' B'
A'p,
The flatness of v implies that ht(Q) < k and so by assumption, Q is faithfully flat. (1) r }i% is residually algebraically independent over R ri }i%1 is residually algebraically independent over R[z](m,z). (2) If {ri}im=l is idealwise independent over R[z](m,z), then {ri}im= is idealwise independent over R.
Proof. Letne N be an integer with n < mandputRn R['I Z'n](m,q rn)" Let tp" R, R and lz" R, -----> R, [z] (1) ri }i% isprimarily independent over R : {'l im= isprimarily independent over R Z). Proof Apply (3.9), (4.4) and (6.9). E!
Passing to the Henselization
In this section we investigate idealwise independence, residual algebraic independence, and primary independence as we pass from R to the Henselization R h of R. In particular, we show in Proposition (7.5) that for a single element r mR the notions of idealwise independence and residual algebraic independence coincide if R Rh. This implies that for every excellent normal local Henseli.an domain of dimension 2 all three concepts coincide for an element r mR; that is, r is idealwise independent r is residually algebraically independent r is primarily independent.
We use the commutative square of(6.4) and obtain the following result for Henselizations. (4.9) show the converse to part (3) of (7.2) fails; weak flatness need not lift to the Henselization. With the notation of (7.1), if q is weakly flat, then for every P Spec (A) (1) 75 im= is primarily independent over R r ira= isprimarily independent over T.
(2) {zi }im= is residually algebraically independent over R {ri }im__ is residually algebraically independent over T.
(3) If zi }im=l is idealwise independent over T, then Zi }im= is idealwise independent over R.
Proof. As mentioned above, R and T have a common Henselization and the statement follows by (7.2) . ff]
We have seen in (4.4) that if r mR is residually algebraically independent over R, then z is idealwise independent over R. In Proposition 7.5 we show that if R is Henselian or, more generally, if height-one prime ideals of R do not split in the completion of R, then idealwise indepe2dence and residual algebraic independence are equivalent for a single element in R. There is an example in [AHW] of a normal local domain R which is not Henselian but for each prime ideal P of R of height-one, the domain R/P is Henselian. 7.5. PROPOSITION. Let (R, m) and be as in the setting of(2.1). Suppose R has the property that for each P Spec(R) with ht(P) 1, the ideal PR is prime. Then r is residually algebraically independent over R == r is idealwise independent over R.
In particular, if R is Henselian or if R P is Henselian for each height-one prime P of R, then r is residually algebraically independent over R == r is idealwise independent over R.
Proof. By (4.4) it is enough to show r idealwise, independent ==:, r is residually algebraicly independent. Let... P Spec(R) such that ht(P) 1 and P f R # 0.
Then ht(P f R) 1 and (P fq R)R1 is a jrime ideal ofAR1 R[ of height 1. Idealwiseindependence. of r implies that (.P t3 )RI ----(P q.R)R R (q . Since (P tq R)R is nonzero and prime, we have P (P N R)R and P tq R (P N R)R.
Therefore ht (P R1) and Theorem 4.3.2 implies that r is residually algebraically independent over R.
For the last statement, suppose that P is a height-one prime of R such that R/P is Henselian. Then the integral closure of the domain R/P in its fraction field is again local, in fact an excellent normal local domain and so analytically normal. But this implies that the extended ideal P R is prime, because of the behavior of completions of finite integral extensions IN, (17.7), (17.8)]. Apparently (7....5) cannot be extended to more than one algebraically independent element r mR, because even when R is Henselian, the localized polynomial ring R[r]m,r fails to be Henselian. 7.6. COROLLARY. If R is an excellent Henselian normal local domain of dimension 2, then r is idealwise independent over R r is residually algebraically independent over R = r is primarily independent over R.
Proof. This follows from (7.5) and (4.4.3). Vp, pi is m-prima,'y 1.-'"") I'r prim.
,.,.,I 1 I,.,I ,.,.,I
l" '" i,. ht(P) 1, e Spec(R ') with ht(P') 1, R h the Henselization of R in R ', T a local Noetherian domain dominating and algebraic over R and dominated by R with R T, z an indeterminate over the quotient field of R and Z a possibly uncountable set of set of indeterminates over the quotient field of R. Then we have the implications in Fig. 3 . We use the abbreviations "prim. ind.", "res. ind." and "idw. ind" for"primarily independent", "residually independent" and "idealwise independent".
Note. R. --> R is always height-one preserving by (2.7).
